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Two- and three-dimensional Kitaev magnets are prototypical frustrated quantum spin systems, in which the
original spin degrees of freedom fractionalize into Majorana fermions and a Z2 gauge field – a purely local
phenomenon that reveals itself as a thermodynamic crossover at a temperature scale set by the strength of the
bond-directional interactions. For conventional Kitaev magnets, the low-temperature thermodynamics reveals
a second transition at which the Z2 gauge field orders and the system enters a spin liquid ground state. Here
we discuss an explicit example that goes beyond this paradigmatic scenario – the Z2 gauge field is found to be
subject to geometric frustration, the thermal ordering transition is suppressed, and an extensive residual entropy
arises. Deep in the quantum regime, at temperatures of the order of one per mil of the interaction strength,
the degeneracy in the gauge sector is lifted by a subtle interplay between the gauge field and the Majorana
fermions, resulting in the formation of a Majorana metal. We discuss the thermodynamic signatures of this
physics obtained from large-scale, sign-free quantum Monte Carlo simulations.
In frustrated magnetism, lattice gauge theories are an ubiq-
uitous tool to capture the physics of quantum spin liquids [1].
The fundamental distinction in these theories between con-
fined and deconfined regimes corresponds to the formation of
trivial, magnetically ordered states versus macroscopically en-
tangled spin liquids, respectively. The principal nature of the
underlying gauge theory can further be used to broadly cate-
gorize different types of quantum spin liquids such as Z2 spin
liquids [2, 3], U(1) spin liquids [4], or chiral spin liquids [5]
– for which the corresponding gauge theory exhibits either a
discrete Z2 or continuous U(1) symmetry or an underlying
Chern-Simons action [6]. This classification allows one to
immediately draw conclusions about the stability of the cor-
responding spin liquids, in particular to thermal fluctuations.
While the (spontanteous) breaking of time-reversal symmetry
in chiral spin liquids mandates their thermal stability and the
presence of a finite-temperature phase transition, a more com-
plex picture emerges for Z2 and U(1) spin liquids. Here, spa-
tial dimensionality needs to be taken into account. For the Z2
spin liquid the elementary vison excitations of the underlying
gauge structure are point-like objects in two spatial dimen-
sions allowing them to proliferate at finite temperatures and
destroy the entangled spin liquid state. In contrast, in three
spatial dimensions the Z2 spin liquid is stable to thermal fluc-
tuations, as now the visons form (small) loop-like objects that
cannot destroy the spin liquid and break open into extended
line-like objects only at a finite-temperature transition. For
U(1) spin liquids the elementary instanton excitations of the
bare U(1) gauge theory are point-like objects in both two and
three spatial dimensions, implying that these spin liquids are
generically not stable at finite temperatures [7].
In this manuscript, we consider the explicit example of a
three-dimensional Z2 spin liquid, realized in a numerically
tractable Kitaev model, that proves to be an exception from
these paradigms. At sufficiently low temperature the gauge
field is found to be subject to geometric frustration, arising
from local constraints that impose a divergence-free condition
on the gauge field and ultimately result in an extensive resid-
ual entropy. The net result is a suppression of the expected
thermal ordering transition of the Z2 gauge field and the emer-
gence of a spin liquid state that, in some sense, is “doubly
frustrated”, as it arises from the interplay of exchange frustra-
tion on the level of the original spin degrees of freedom and
geometric frustration on the level of the emerging fractional
degrees of freedom. Extensive quantum Monte Carlo simula-
tions reveal that at ultralow temperatures of the order of one
per mil of the interaction strength, i.e., deep in the quantum
regime, the degeneracy in the gauge sector is eventually lifted
by a subtle interplay with the Majorana fermion degrees of
freedom, which emerge in parallel with the gauge field upon
fractionalization of the original spin degrees of freedom in
Kitaev models. The formation of a collective ground state
of these itinerant fermions, a Majorana metal with a distinct
nodal line structure feeds back into the gauge sector and leads
to the concurrent formation of columnar ordering of the gauge
field. Our model system thereby proves to be a principal ex-
ample of a spin liquid, for which not only the phenomenon
of fractionalization, but also of the subsequent non-trivial in-
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FIG. 1. The (8,3)c lattice illustrated in panel (a) is a three-
dimensional tricoordinated lattice, which is built around hexagonal
sites (gray shaded) interleaved with six zig-zag chains. Its Schla¨fli
symbol (8,3)c indicates that all elementary plaquettes (i.e., loops of
shortest length) are of length 8. Around each hexagonal site three
such length-8 plaquettes meet as illustrated in panel (b).
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2terplay of the emergent fractional degrees of freedom and the
underlying lattice gauge theory can be captured by numeri-
cally exact simulations.
Gauge frustration.– The Kitaev model with its characteristic
bond-directional spin exchanges of the form
HKitaev =
∑
〈j,k〉,γ
Jγ σ
γ
j σ
γ
k , (1)
is well known to be analytically tractable for a class of two-
dimensional [8, 9] and three-dimensional [10] lattice geome-
tries. The analytical treatment relies on a parton construc-
tion introduced by Kitaev that decomposes the spin degrees
of freedom into itinerant Majorana fermions and a static Z2
gauge field. The fact that the gauge field remains static and
assumes, at sufficiently low temperatures, an ordered ground
state is key for the exact solvability of the model, since it
allows one to reduce the problem to one of free Majorana
fermions hopping in a fixed background. In fact, a powerful
theorem by Lieb [11] describes the ground state of the gauge
sector in terms of Z2 fluxes through the elementary plaquettes
– plaquettes of length 6, 10, . . . are flux-free, while plaquettes
of length 4, 8, . . . carry a pi flux. Recent classification work of
3D Kitaev models [10] has shown that Lieb’s theorem gener-
ically predicts the correct ground state flux assignment, even
for lattices that do not fulfill all the mathematical requirements
for the theorem to apply. This is also true for the (8,3)c lattice.
The key ingredient for the study at hand is a “frustrated”
three-dimensional lattice geometry whose central motif are
hexagonal sites at which three plaquettes of length 8 meet, see
the illustration in Fig. 1. Following the above intuition based
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<latexit sha1_base64="a4sfX5AGbPDoH0vkwOd8emX2KDE=">AAAB9XicdVC7SgNBFL3rM8ZX1NJmMAg2LrMxYrYyYGMZwTwgiWF2MpsMmX0wM6uGJb9gbWOhiK3/Ymfnb9g5SRRU9MDlHs65l7lzvFhwpTF+tWZm5+YXFjNL2eWV1bX13MZmTUWJpKxKIxHJhkcUEzxkVc21YI1YMhJ4gtW9wcnYr18yqXgUnuthzNoB6YXc55RoI120Yp62ZID2fZFcjzq5PLaL2OAQYbtkerFoiOuW3AMXOTaeIH/8Ht+8AUClk3tpdSOaBCzUVBClmg6OdTslUnMq2CjbShSLCR2QHmsaGpKAqXY6uXqEdo3SRX4kTYUaTdTvGykJlBoGnpkMiO6r395Y/MtrJtovtVMexolmIZ0+5CcC6QiNI0BdLhnVYmgIoZKbWxHtE0moNkFlTQhfP0X/k1rBdrDtnOF8uQBTZGAbdmAPHDiCMpxCBapAQcIt3MODdWXdWY/W03R0xvrc2YIfsJ4/AAPalcQ=</latexit><latexit sha1_base64="LlTS8+mQgxqJIZ4fR5atAPz9Y5A=">AAAB9XicdVC7SgNBFJ2NrxhfUUubwSDYuMzGiNnKgI1lhLwgu4bZyWwyZPbBzKwalnyC1jYWitja+CV2Nv6HnZNEQUUPXO7hnHuZO8eLOZMKoVcjMzM7N7+QXcwtLa+sruXXNxoySgShdRLxSLQ8LClnIa0rpjhtxYLiwOO06Q2Ox37znArJorCmhjF1A9wLmc8IVlo6c2KWOiKAez5PLkedfAGZJaRxAJFZ1r1U0sS2y/a+DS0TTVA4eo+v32rPV9VO/sXpRiQJaKgIx1K2LRQrN8VCMcLpKOckksaYDHCPtjUNcUClm06uHsEdrXShHwldoYIT9ftGigMph4GnJwOs+vK3Nxb/8tqJ8stuysI4UTQk04f8hEMVwXEEsMsEJYoPNcFEMH0rJH0sMFE6qJwO4eun8H/SKJoWMq1TVKgUwRRZsAW2wS6wwCGogBNQBXVAgAA34A7cGxfGrfFgPE5HM8bnzib4AePpAx4dl1c=</latexit><latexit sha1_base64="LlTS8+mQgxqJIZ4fR5atAPz9Y5A=">AAAB9XicdVC7SgNBFJ2NrxhfUUubwSDYuMzGiNnKgI1lhLwgu4bZyWwyZPbBzKwalnyC1jYWitja+CV2Nv6HnZNEQUUPXO7hnHuZO8eLOZMKoVcjMzM7N7+QXcwtLa+sruXXNxoySgShdRLxSLQ8LClnIa0rpjhtxYLiwOO06Q2Ox37znArJorCmhjF1A9wLmc8IVlo6c2KWOiKAez5PLkedfAGZJaRxAJFZ1r1U0sS2y/a+DS0TTVA4eo+v32rPV9VO/sXpRiQJaKgIx1K2LRQrN8VCMcLpKOckksaYDHCPtjUNcUClm06uHsEdrXShHwldoYIT9ftGigMph4GnJwOs+vK3Nxb/8tqJ8stuysI4UTQk04f8hEMVwXEEsMsEJYoPNcFEMH0rJH0sMFE6qJwO4eun8H/SKJoWMq1TVKgUwRRZsAW2wS6wwCGogBNQBXVAgAA34A7cGxfGrfFgPE5HM8bnzib4AePpAx4dl1c=</latexit><latexit sha1_base64="Si2Gk4WpZJXreh6eNCF3x58AxCY=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4ccjUip1dwY3LCvYB7VgyaaYNTTJDklHL0P9w40IRt/6LO//G9CGo6IHLPZxzL7k5YcKZNgh9OLml5ZXVtfx6YWNza3unuLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXUz91i1VmsXy2owTGgg8kCxiBBsr3XQTlnWVgCcRT+8nvWIJuRVkcQaRW7W9UrHE96v+qQ89F81QAgvUe8X3bj8mqaDSEI617ngoMUGGlWGE00mhm2qaYDLCA9qxVGJBdZDNrp7AI6v0YRQrW9LAmfp9I8NC67EI7aTAZqh/e1PxL6+TmqgaZEwmqaGSzB+KUg5NDKcRwD5TlBg+tgQTxeytkAyxwsTYoAo2hK+fwv9Js+x6yPWuUKlWXsSRBwfgEBwDD5yDGrgEddAABCjwAJ7As3PnPDovzut8NOcsdvbBDzhvn9iqkq4=</latexit>
0−flux
<latexit sha1_base64="zCMB1fBF0vfQDmVVuWN8ArFCSKo=">AAAB83icdVC7SkNBEJ3rM8ZX1NJmMQg2ht1ETVIZsLGMYB6QhLB3szdZsvfB7l4xXPILljYWitj6M3Z2/oadm0RBRQ8MHM6ZYWaOG0mhDcavztz8wuLScmolvbq2vrGZ2dqu6zBWjNdYKEPVdKnmUgS8ZoSRvBkpTn1X8oY7PJv4jSuutAiDSzOKeMen/UB4glFjpTZO2spHh56Mr8fdTBbnisfkqFRAE3JCysSSQgmXCwSRHJ4ie/oe3bwBQLWbeWn3Qhb7PDBMUq1bBEemk1BlBJN8nG7HmkeUDWmftywNqM91J5nePEb7VukhL1S2AoOm6veJhPpaj3zXdvrUDPRvbyL+5bVi45U6iQii2PCAzRZ5sUQmRJMAUE8ozowcWUKZEvZWxAZUUWZsTGkbwten6H9Sz+cIzpELnK3kYYYU7MIeHACBIlTgHKpQAwYR3MI9PDixc+c8Ok+z1jnnc2YHfsB5/gAwYZS0</latexit><latexit sha1_base64="pEA1Aj1faFS6nLHgfWC04upGNGc=">AAAB83icdVC7SgNBFJ2NrxhfUUubwSDYGGYSNUllwMYyQl6QLGF2MpsMmX0wMyuGJZ+gpY2FIrZ2fomdjf9h52yioKIHLhzOuZd773FCwZVG6NVKzc0vLC6llzMrq2vrG9nNraYKIklZgwYikG2HKCa4zxqaa8HaoWTEcwRrOaPTxG9dMKl44Nf1OGS2RwY+dzkl2khdFHelBw9cEV1OetkcypeO8GG5CBNyjCvYkGIZVYoY4jyaInfyHl6/1Z+var3sS7cf0MhjvqaCKNXBKNR2TKTmVLBJphspFhI6IgPWMdQnHlN2PL15AveM0oduIE35Gk7V7xMx8ZQae47p9Igeqt9eIv7ldSLtlu2Y+2GkmU9ni9xIQB3AJADY55JRLcaGECq5uRXSIZGEahNTxoTw9Sn8nzQLeYzy+BzlqgUwQxrsgF2wDzAogSo4AzXQABSE4AbcgXsrsm6tB+tx1pqyPme2wQ9YTx9KpJZH</latexit><latexit sha1_base64="pEA1Aj1faFS6nLHgfWC04upGNGc=">AAAB83icdVC7SgNBFJ2NrxhfUUubwSDYGGYSNUllwMYyQl6QLGF2MpsMmX0wMyuGJZ+gpY2FIrZ2fomdjf9h52yioKIHLhzOuZd773FCwZVG6NVKzc0vLC6llzMrq2vrG9nNraYKIklZgwYikG2HKCa4zxqaa8HaoWTEcwRrOaPTxG9dMKl44Nf1OGS2RwY+dzkl2khdFHelBw9cEV1OetkcypeO8GG5CBNyjCvYkGIZVYoY4jyaInfyHl6/1Z+var3sS7cf0MhjvqaCKNXBKNR2TKTmVLBJphspFhI6IgPWMdQnHlN2PL15AveM0oduIE35Gk7V7xMx8ZQae47p9Igeqt9eIv7ldSLtlu2Y+2GkmU9ni9xIQB3AJADY55JRLcaGECq5uRXSIZGEahNTxoTw9Sn8nzQLeYzy+BzlqgUwQxrsgF2wDzAogSo4AzXQABSE4AbcgXsrsm6tB+tx1pqyPme2wQ9YTx9KpJZH</latexit><latexit sha1_base64="oxaAqe1PUTWeFWGX+tpumV1dm/c=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4MXQnapJbwIvHCGaBzBB6Oj1Jk56FXsQw5De8eFDEqz/jzb+xJ4mgog8KHu9VUVXPTwRXGqEPJ7eyura+kd8sbG3v7O4V9w86KjaSsjaNRSx7PlFM8Ii1NdeC9RLJSOgL1vUnV5nfvWNS8Ti61dOEeSEZRTzglGgruSh1ZQjPAmHuZ4NiCZVrF/i8XoUZucQNbEm1jhpVDHEZzVECS7QGxXd3GFMTskhTQZTqY5RoLyVScyrYrOAaxRJCJ2TE+pZGJGTKS+c3z+CJVYYwiKWtSMO5+n0iJaFS09C3nSHRY/Xby8S/vL7RQd1LeZQYzSK6WBQYAXUMswDgkEtGtZhaQqjk9lZIx0QSqm1MBRvC16fwf9KplDEq4xtUalaWceTBETgGpwCDGmiCa9ACbUBBAh7AE3h2jPPovDivi9acs5w5BD/gvH0CBUCRng==</latexit>
Wx
<latexit sha1_base64="D222eQKqp1sMqB3a+S5zQlBbd6c=">AAAB6nicdVDLSgNBEOyNrxiNRj16GQyCp2XHqNncAl48RjQPSJYwO5lNhsw+mJkVQ8gnePGgiFe/xE/w5t84myioaEFDUdVNd5efCK6047xbuaXlldW1/HphY7O4tV3a2W2pOJWUNWksYtnxiWKCR6ypuRask0hGQl+wtj8+z/z2DZOKx9G1niTMC8kw4gGnRBvpqt2/7ZfKjl09xSduBWXkDNewIRXXqVUwwrYzR7lefE0RADT6pbfeIKZpyCJNBVGqi51Ee1MiNaeCzQq9VLGE0DEZsq6hEQmZ8qbzU2fo0CgDFMTSVKTRXP0+MSWhUpPQN50h0SP128vEv7xuqgPXm/IoSTWL6GJRkAqkY5T9jQZcMqrFxBBCJTe3IjoiklBt0imYEL4+Rf+T1rGNHRtfmjRcWCAP+3AAR4ChCnW4gAY0gcIQ7uABHi1h3VtP1vOiNWd9zuzBD1gvH+3Yj60=</latexit><latexit sha1_base64="fjXbc1K71YHJ6lR+1Qan2GZM5SQ=">AAAB6nicdVDLSgMxFM3UVx2tVl26CZaCq2Fi1U53BUFcVrQPaIeSSdM2mMkMSUYsQz/BjQtF3Iof4ie482/MtAoqeuDC4Zx7ufeeIOZMadd9t3ILi0vLK/lVe229sLFZ3NpuqSiRhDZJxCPZCbCinAna1Exz2oklxWHAaTu4Osn89jWVikXiUk9i6od4JNiQEayNdNHu3/SLJdepHqFDrwIzcoxqyJCK59YqCCLHnaFUL7wm5VP7pdEvvvUGEUlCKjThWKkucmPtp1hqRjid2r1E0RiTKzyiXUMFDqny09mpU1g2ygAOI2lKaDhTv0+kOFRqEgamM8R6rH57mfiX10300PNTJuJEU0Hmi4YJhzqC2d9wwCQlmk8MwUQycyskYywx0SYd24Tw9Sn8n7QOHOQ66Nyk4YE58mAX7IF9gEAV1MEZaIAmIGAEbsE9eLC4dWc9Wk/z1pz1ObMDfsB6/gA88pCo</latexit><latexit sha1_base64="fjXbc1K71YHJ6lR+1Qan2GZM5SQ=">AAAB6nicdVDLSgMxFM3UVx2tVl26CZaCq2Fi1U53BUFcVrQPaIeSSdM2mMkMSUYsQz/BjQtF3Iof4ie482/MtAoqeuDC4Zx7ufeeIOZMadd9t3ILi0vLK/lVe229sLFZ3NpuqSiRhDZJxCPZCbCinAna1Exz2oklxWHAaTu4Osn89jWVikXiUk9i6od4JNiQEayNdNHu3/SLJdepHqFDrwIzcoxqyJCK59YqCCLHnaFUL7wm5VP7pdEvvvUGEUlCKjThWKkucmPtp1hqRjid2r1E0RiTKzyiXUMFDqny09mpU1g2ygAOI2lKaDhTv0+kOFRqEgamM8R6rH57mfiX10300PNTJuJEU0Hmi4YJhzqC2d9wwCQlmk8MwUQycyskYywx0SYd24Tw9Sn8n7QOHOQ66Nyk4YE58mAX7IF9gEAV1MEZaIAmIGAEbsE9eLC4dWc9Wk/z1pz1ObMDfsB6/gA88pCo</latexit><latexit sha1_base64="10hQgElr7tAZr2qhL0BOjqRf+pw=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GhKrdroruHFZ0T6gHUomzbTBTGZIMmIZ+gluXCji1i9y59+YaSuo6IELh3Pu5d57gkRwbRD6cApLyyura8X10sbm1vZOeXevreNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ3g9iL3O3dMaR7LGzNJmB+RkeQhp8RY6bozuB+UK8itneFTrwpzco7r2JKqh+pVDLGLZqiABZqD8nt/GNM0YtJQQbTuYZQYPyPKcCrYtNRPNUsIvSUj1rNUkohpP5udOoVHVhnCMFa2pIEz9ftERiKtJ1FgOyNixvq3l4t/eb3UhJ6fcZmkhkk6XxSmApoY5n/DIVeMGjGxhFDF7a2Qjoki1Nh0SjaEr0/h/6R94mLk4itUaXiLOIrgAByCY4BBDTTAJWiCFqBgBB7AE3h2hPPovDiv89aCs5jZBz/gvH0CtjqOCQ==</latexit>
Wy
<latexit sha1_base64="Fy/14AsrHIJNUlSdsOwt0nTxrbM=">AAAB6nicdVDLSsNAFL2pr1pfVZfdDBbBVUi0YrIrunFZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/Inb/hFzhtFVT0wDCHc+7l3nvClDOlHefNKiwtr6yuFddLG5tb2zvl3b2WSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPxxcxv31KpWCJu9CSlQYyHgkWMYG2k63Z/0i9XHbvmGJwix/bMX6sZ4vuef+Ij13bmqNYr7+dg0OiXX3uDhGQxFZpwrFTXdVId5FhqRjidlnqZoikmYzykXUMFjqkK8vmqU3RolAGKEmme0Giufu/IcazUJA5NZYz1SP32ZuJfXjfTkRfkTKSZpoIsBkUZRzpBs7vRgElKNJ8YgolkZldERlhiok06JRPC16Xof9I6tl3Hdq9MGh4sUIQKHMARuHAGdbiEBjSBwBDu4AEeLW7dW0/W86K0YH327MMPWC8fxO2PkA==</latexit><latexit sha1_base64="yfbIVkZIbIAYPfGV5jPpe51DtpA=">AAAB6nicdVDLSgMxFM3UR2vro+qym2ARXA0ZrTizK7pxWdE+oB1KJk3b0ExmSDLCMPQPdONCEbd+kTt/w7UL01ZBRQ+EHM65l3vvCWLOlEbo1cotLa+s5gtrxdL6xuZWeXunpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gcjbz29dUKhaJK53G1A/xSLAhI1gb6bLdT/vlKrJryOAYIts1f61miOe53pEHHRvNUa1X3k7zpZv3Rr/80htEJAmp0IRjpboOirWfYakZ4XRa7CWKxphM8Ih2DRU4pMrP5qtO4b5RBnAYSfOEhnP1e0eGQ6XSMDCVIdZj9dubiX953UQPXT9jIk40FWQxaJhwqCM4uxsOmKRE89QQTCQzu0IyxhITbdIpmhC+LoX/k9ah7SDbuTBpuGCBAqiAPXAAHHAC6uAcNEATEDACt+AePFjcurMeradFac767NkFP2A9fwDn5JEq</latexit><latexit sha1_base64="yfbIVkZIbIAYPfGV5jPpe51DtpA=">AAAB6nicdVDLSgMxFM3UR2vro+qym2ARXA0ZrTizK7pxWdE+oB1KJk3b0ExmSDLCMPQPdONCEbd+kTt/w7UL01ZBRQ+EHM65l3vvCWLOlEbo1cotLa+s5gtrxdL6xuZWeXunpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gcjbz29dUKhaJK53G1A/xSLAhI1gb6bLdT/vlKrJryOAYIts1f61miOe53pEHHRvNUa1X3k7zpZv3Rr/80htEJAmp0IRjpboOirWfYakZ4XRa7CWKxphM8Ih2DRU4pMrP5qtO4b5RBnAYSfOEhnP1e0eGQ6XSMDCVIdZj9dubiX953UQPXT9jIk40FWQxaJhwqCM4uxsOmKRE89QQTCQzu0IyxhITbdIpmhC+LoX/k9ah7SDbuTBpuGCBAqiAPXAAHHAC6uAcNEATEDACt+AePFjcurMeradFac767NkFP2A9fwDn5JEq</latexit><latexit sha1_base64="murB1LFPY5Hh4Dvk0PL+29Gmwew=">AAAB6nicdVDLSgMxFL1TX7W+qi7dBIvgashoxZldwY3LivYB7VAyaaYNzTxIMsIw9BPcuFDErV/kzr8xfQgqeiDkcM693HtPkAquNMYfVmlldW19o7xZ2dre2d2r7h+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCeYXM38zj2Tiifxnc5T5kdkFPOQU6KNdNsZ5INqDdt1bHCBsO2av143xPNc79xDjo3nqMESzUH1vT9MaBaxWFNBlOo5ONV+QaTmVLBppZ8plhI6ISPWMzQmEVN+MV91ik6MMkRhIs2LNZqr3zsKEimVR4GpjIgeq9/eTPzL62U6dP2Cx2mmWUwXg8JMIJ2g2d1oyCWjWuSGECq52RXRMZGEapNOxYTwdSn6n7TPbAfbzg2uNdxlHGU4gmM4BQcuoQHX0IQWUBjBAzzBsyWsR+vFel2UlqxlzyH8gPX2CakwjgE=</latexit>
Wz
<latexit sha1_base64="PGlNyavS7oTpFdQ/z9CUnwWmhm0=">AAAB6nicdVDLSsNAFL2pr1qtVl26GSyCq5BoxWRXcOOyon1AG8pkOmmHTiZhZiLU0E9w40IRt36Jn+DOv3HaKqjogWEO59zLvfeEKWdKO867VVhaXlldK66XNjbLW9uVnd2WSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPx+cxv31CpWCKu9SSlQYyHgkWMYG2kq3b/tl+pOnbNMThFju2Zv1YzxPc9/8RHru3MUa2XXzMEAI1+5a03SEgWU6EJx0p1XSfVQY6lZoTTaamXKZpiMsZD2jVU4JiqIJ+vOkWHRhmgKJHmCY3m6veOHMdKTeLQVMZYj9Rvbyb+5XUzHXlBzkSaaSrIYlCUcaQTNLsbDZikRPOJIZhIZnZFZIQlJtqkUzIhfF2K/ietY9t1bPfSpOHBAkXYhwM4AhfOoA4X0IAmEBjCHTzAo8Wte+vJel6UFqzPnj34AevlA+JSj6Y=</latexit><latexit sha1_base64="e/LtDsNAogYE+PtK+FHZXX90Df8=">AAAB6nicdVDLSgMxFM34rKPVqks3wVJwNWS04syuIIjLivYB7VAyaaYNzWSGJCPUoZ/gxoUibsUP8RPc+TemrYKKHgg5nHMv994TppwpjdC7tbC4tLyyWliz1zeKm1ul7Z2mSjJJaIMkPJHtECvKmaANzTSn7VRSHIectsLR6dRvXVOpWCKu9DilQYwHgkWMYG2ky1bvplcqI6eKDI4hcjzzV6uG+L7nH/nQddAM5VrxNauc2S/1Xumt209IFlOhCcdKdVyU6iDHUjPC6cTuZoqmmIzwgHYMFTimKshnq05gxSh9GCXSPKHhTP3ekeNYqXEcmsoY66H67U3Fv7xOpiMvyJlIM00FmQ+KMg51Aqd3wz6TlGg+NgQTycyukAyxxESbdGwTwtel8H/SPHRc5LgXJg0PzFEAe2AfHAAXnIAaOAd10AAEDMAtuAcPFrfurEfraV66YH327IIfsJ4/ADFskKE=</latexit><latexit sha1_base64="e/LtDsNAogYE+PtK+FHZXX90Df8=">AAAB6nicdVDLSgMxFM34rKPVqks3wVJwNWS04syuIIjLivYB7VAyaaYNzWSGJCPUoZ/gxoUibsUP8RPc+TemrYKKHgg5nHMv994TppwpjdC7tbC4tLyyWliz1zeKm1ul7Z2mSjJJaIMkPJHtECvKmaANzTSn7VRSHIectsLR6dRvXVOpWCKu9DilQYwHgkWMYG2ky1bvplcqI6eKDI4hcjzzV6uG+L7nH/nQddAM5VrxNauc2S/1Xumt209IFlOhCcdKdVyU6iDHUjPC6cTuZoqmmIzwgHYMFTimKshnq05gxSh9GCXSPKHhTP3ekeNYqXEcmsoY66H67U3Fv7xOpiMvyJlIM00FmQ+KMg51Aqd3wz6TlGg+NgQTycyukAyxxESbdGwTwtel8H/SPHRc5LgXJg0PzFEAe2AfHAAXnIAaOAd10AAEDMAtuAcPFrfurEfraV66YH327IIfsJ4/ADFskKE=</latexit><latexit sha1_base64="HDNbQnDpgVei/hLr0bIFhtsRuh0=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFcDRmtOLMruHFZ0T6gHUomzbShmcyQZIRa+gluXCji1i9y59+YPgQVPRByOOde7r0nygTXBuMPZ2l5ZXVtvbBR3Nza3tkt7e03dJoryuo0FalqRUQzwSWrG24Ea2WKkSQSrBkNL6d+844pzVN5a0YZCxPSlzzmlBgr3TS7991SGbsVbHGOsOvbv1KxJAj84CxAnotnKMMCtW7pvdNLaZ4waaggWrc9nJlwTJThVLBJsZNrlhE6JH3WtlSShOlwPFt1go6t0kNxquyTBs3U7x1jkmg9SiJbmRAz0L+9qfiX185N7IdjLrPcMEnng+JcIJOi6d2oxxWjRowsIVRxuyuiA6IINTadog3h61L0P2mcuh52vWtcrvqLOApwCEdwAh5cQBWuoAZ1oNCHB3iCZ0c4j86L8zovXXIWPQfwA87bJ6q0jgI=</latexit>
−1−1
1

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 1−1
−1

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FIG. 2. Gauge frustration and pseudospins. (a)-(c) The three pos-
sible 3-flux states that constitute the ground-state manifold of the Z2
gauge field. The plaquettes are colored cyan/yellow to indicate a pi-
/0-flux. For each configuration the corresponding pseudospin vector
is specified. (d) Pseudospin correlations as a function of tempera-
ture for different coupling strengths. Data shown is for system size
4 · 4 · 6. The gray shaded area indicates the temperature region in
which we have employed histogram reweighting techniques [12, 13]
to extrapolate the data.
on Lieb’s theorem each of these plaquettes is destined to carry
a pi flux, which however conflicts with the fact that for any
closed volume, such as the one spanned by the three neigh-
boring plaquettes, the fluxes must obey a divergence-free con-
dition – if a flux enters the volume through one of the plaque-
ttes, it must leave through another one. This divergence-free
condition allows only two of the three plaquettes to carry a pi
flux and leaves one of the plaquettes in a flux-free state. For
isotropic coupling strength Jx = Jy = Jz this produces three
possible flux arrangements per hexagonal site and an exten-
sive residual entropy for the entire system. It is this formation
of an extensive manifold of (almost) degenerate states in the
gauge sector that designates the term “gauge-frustrated” for
the Kitaev model at hand [14].
One way to relieve the frustration in the system is to vary
the relative coupling strengths of the bond-directional ex-
change (keeping an overall normalization Jx + Jy + Jz = 1).
To see this, consider that every length-8 plaquette consists of
an uneven number of bond-directional coupling types, e.g.,
3 × Jx, 3 × Jy, 2 × Jz for the bottom plaquette illustrated
in Figs. 2(a)-(c), while the two upper plaquettes have 3 × Jz
couplings. If the z-bond coupling is enhanced, i.e. for
Jz > Jx = Jy , one finds that the local threefold degeneracy
is immediately lifted and only one local gauge configuration,
illustrated in Fig. 2(a) is favored. For Jz < Jx = Jy the two
flux configurations of Figs. 2(b),(c) remain degenerate, thus
only partially lifting the original threefold degeneracy.
To check that this phenomenon of gauge frustration, which
in the above line of arguments is primarily motivated by
the intuition build on Lieb’s theorem, indeed plays out in
the model at hand, we have performed large-scale sign-free
Monte Carlo simulations of the model over a wide range of
temperatures. To capture the local gauge physics, we define
for any given hexagonal site a pseudospin vector
W =
WxWy
Wz
 (a)=
−1−1
1
 (b)=
 1−1
−1
 (c)=
−11
−1
 , (2)
where the individual components Wx,y,z can take values +/- 1
indicating the absence/presence of a pi flux in the three adja-
cent plaquettes, thus allowing for eight different possible vec-
tors. For the three states that fulfill the local divergence-free
condition, their pi flux assignments are given on the r.h.s. of
the above equation in correspondence with Figs. 2(a)-(c). Us-
ing these pseudospin vectors we can define a two-point corre-
lation function
P =
4
3N
∑
j
〈W0 ·Wj〉 , (3)
where 0 and j denote two hexagonal sites of the lattice. P
readily reveals the nature of the ground-state manifold and can
be directly probed in our Monte Carlo simulations. Its expec-
tation value is P = 1 for the case of a single ground-state of
the gauge field (Jz > Jx, Jy), and P < 1 for the extensively
degenerate cases, specifically P = 1/3 for the scenario with
3a local twofold degeneracy (Jz < Jx, Jy) and P = 1/9 for
the scenario with a local threefold degeneracy expected for
isotropic coupling strengths (Jz = Jx = Jy) – see the Sup-
plemental Material for an analytical derivation. Numerical re-
sults from Monte Carlo runs are shown in Fig. 2(d) for differ-
ent strengths of Jz . The data clearly shows that down to tem-
peratures of the order of 10−2 (in units of the Kitaev coupling
J) the pseudospin correlation function goes to zero, indicating
a completely disordered state of the gauge fields. Below this
temperature scale, the pseudospin correlation function rises
and indeed saturates. These simulations thereby unambigu-
ously confirm that the system indeed enters a regime of gauge
frustration at low temperatures, with an extensive degeneracy
building up in the gauge sector.
Lifting of gauge degeneracy.– The formation of an “acci-
dential” degeneracy, i.e., a degeneracy that is not protected by
any inherent symmetries of the system, is often accompanied
by some residual effect that splits this degeneracy, at suffi-
ciently small temperature scales, in favor of a unique (or less
degenerate) ground state – an effect that typically goes hand-
in-hand with a macroscopic phase transition. Such residual ef-
fects can include the energetic or entropic selection of ground
states, driven either by otherwise negligible interactions (such
as e.g., longer-range interactions) or thermal fluctuations in an
order-by-disorder scheme [15].
For the Kitaev system at hand, we find the particularly in-
triguing scenario that it is an (energetic) interplay between the
emergent fractional degrees of freedom that ultimately lifts
the gauge frustration discussed above. From the perspective
of the itinerant Majorana fermions, the residual degeneracy in
the gauge sector is equivalent to a complex scattering poten-
tial, as every individual gauge configuration corresponds to a
distinct sign structure of the Majorana hopping amplitudes. In
the gauge frustrated regime, the collective state of the Majo-
rana fermions is therefore best described as a thermal metal
[16, 17], as the degeneracy in the gauge sector has a similar
effect as (thermal) disorder. This observation readily points to
a scenario where the formation of a collective Majorana state
(a) (c) (e)
(b) (f)(d)
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FIG. 3. Majorana semimetals and columnar gauge ordering.
Evolution of the nodal line in the Majorana band structure for vary-
ing coupling Jz (top row) calculated for the columnar-ordered gauge
field configurations illustrated in the bottom row.
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FIG. 4. Thermodynamic signatures for the isotropic system. (a)
Specific heat, separated into contributions of Z2 gauge field (GF)
and itinerant Majorana fermions (MF). (b) Entropy per spin. (c) Flux
per plaquette Wp =
∑
pWp/N . (d) Fluctuation of the flux per pla-
quette (〈W 2p 〉 − 〈Wp〉2)/T 2. (e) Pseudospin correlator (3). The
dashed line indicates the temperature scale at which the system en-
ters the constrained manifold, corresponding to the maximum in the
flux fluctuations and a residual entropy of (1/4) ln 3. Error bars are
smaller than the symbol sizes. The gray shaded area indicates the
temperature region in which we have employed histogram reweight-
ing techniques [12, 13] to extrapolate the data.
– a more conventional, disorder-free metallic state – might
become favorable at the expense of inducing an ordering in
the gauge sector. This is precisely what happens at ultralow
temperatures, of the order of 10−3 of the magnetic coupling
strength, in the system at hand – the itinerant Majorana de-
grees of freedom form a nodal-line semimetal, while simulta-
neously enforcing a columnar ordering in the gauge sector that
lifts the gauge frustration. Schematically, the key signatures of
these states are illustrated in Fig. 3, which shows the gapless
nodal line in the Majorana band structure for different values
of the bond-directional exchange Jz , and the corresponding
columnar ordering patterns of the gauge field.
Thermodynamics.– To quantitavily probe this physics we
have measured a variety of thermodynamic observables in
quantum Monte Carlo (QMC) simulations covering four or-
ders of magnitude in temperature. These QMC simulations
are performed in the sign-free parton basis [18], i.e. we sam-
ple configurations of the gauge field, {ujk = ±1} for every
bond 〈j, k〉 of the lattice, with the change of the Majorana free
energy, Ff ({ujk}), being calculated explicitly in every up-
date step (either by exact diagonalization or a Green’s function
based kernel polynomial method [19, 20], see the Supplemen-
tal Material for further details of this implementation). This
procedure also allows us to separately distill the entropic con-
4tributions to the specific heat of the Majorana fermions [21]
Cv ,MF(T ) = − 1
T 2
〈
∂Ef ({ujk})
∂β
〉
MC
, (4)
and the gauge field
Cv ,GF(T ) =
1
T 2
(〈
E2f ({ujk})
〉
MC
− 〈Ef ({ujk})〉2MC
)
.
(5)
Results are given in Fig. 4(a) for the isotropic coupling point
(Jx = Jy = Jz). Some features of the multipeak structure
of the specific heat are well known from conventional Kitaev
models, such as the crossover feature at temperatures of or-
der 1, where the system releases about half of its entropy,
see Fig. 4(b), upon the fractionalization of the local spin de-
grees of freedom [18, 22], primarily by the Majorana fermions
(whose energy scale is set by the hopping/magnetic coupling
strength). Below this crossover peak there are two additional
features in the specific heat that originate in the gauge sector.
At a temperature of about 10−2 a broad shoulder forms, which
does not show any scaling with system size pointing to a lo-
cal crossover phenomenon. It is at this temperature scale that
the system enters the manifold of “gauge frustrated” states,
which is evident from (i) the average plaquette flux dropping
to a value of 〈Wp〉 = −1/3 = (−2 + 1)/3 (expected for
local configurations where two out of three plaquettes have a
pi flux, i.e., Wp = −1, and one plaquette remains flux-free,
Wp = +1), (ii) the fluctuations of the plaquette flux exhibit-
ing a maximum upon entering this constrained ground-state
manifold, and (iii) the pseudospin correlator (3) raising and
saturating at the expected value of P = 1/9, as documented
in Figs. 4(c)-(e). Below this second crossover peak, at a tem-
perature of the order of 2×10−3, one finds a sharp peak in the
specific heat that sharpens with increasing system size – this
is a true thermal phase transition, where the system releases
entropy by forming a columnar ordering of the gauge field. In
this ordered state every column of hexagonal sites exhibits a
staggered pattern of the flux-free plaquettes as indicated by the
yellow plaquettes in Fig. 3(b). However, since the columns or-
der individually and there are two possible staggered states for
each column, the resulting overall order not only still allows
for a residual entropy, but also breaks the lattice rotational
symmetry. This is a remarkable symmetry-breaking effect as
it plays out solely in the gauge sector.
Phase diagram.– Expanding this analysis of key thermo-
dynamic observables to a range of Jz parameters, we have
compiled the composite phase diagram of Fig. 5. Plotted
here are different indicators for the crossover scale to the con-
strained gauge manifold. As proxies for this crossover, we
have marked (i) the location of the peak in the variance of the
fluxes, akin to Fig. 4(d), by the filled green circles and (ii) the
line of temperature points at which the pseudospin correlator
(3) crosses P = 1/9 by the filled white circles. The low-
temperature phase transition, at which the concurrent forma-
tion of a nodal-line Majorana semimetal and columnar order
of the gauge field occurs, is indicated by the white squares.
FIG. 5. Finite-temperature phase diagram. The color-coding
of the background contour plot indicates the pseudospin correlations
(3) as a function of temperature T and coupling strength Jz . The
crossover scale at which the system enters the flux constrained man-
ifold of the gauge field is indicated by (i) the filled green circles in-
dicating the peak in the variance of the fluxes and (ii) filled white
circles indicating temperature points for which the pseudospin cor-
relator P = 1/9. The onset of flux ordering is signaled in the high-
temperature regime where we mark the line along which the flux be-
comes 〈Wp〉 = −1/6 (green squares). The low-temperature colum-
nar ordering transition of the gauge field is marked by the white
squares (indicating the location of the corresponding diverging peak
in the specific heat). Filled squares indicate transitions where the
degenerate manifold of constrained gauge configurations is lifted by
the formation of a Majorana metal, while open squares indicate tran-
sitions driven by an energetic selection within the gauge sector. Data
shown is for system size 4 · 4 · 6. The shaded area indicates the
temperature region in which we have employed histogram reweight-
ing techniques [12, 13] to extrapolate data from parallel tempering
simulations [23]. The lower panel shows the ground-state energy of
the nodal-line semimetals for the 3 types of columnar gauge ordering
discussed in the main text, using the same color code as in Fig. 3.
Depending on the strength of Jz , we distinguish two princi-
pal scenarios. First, there is a line of transitions (indicated
by the filled white squares) where it is the formation of the
Majorana metal that lifts the degeneracy in the gauge sector
and enforces the columnar gauge order. This is the case for
Jz ≤ 1/3. For Jz & 0.40, it is the energetics within the
gauge sector that readily selects a single configuration of the
constrained gauge field for each hexagonal site, see Fig. 2(a),
which results in the columnar ordering depicted in Fig. 3(f).
For 1/3 < Jz . 0.40, a more subtle mechanism is at play
where the energetics of the gauge field favors the same type
of columnar order as for Jz & 0.40, but the minimization of
the Majorana energy enforces yet another type of columnar
order, depicted in Fig. 3(d), which, in a certain sense, is an
intermediate type of order with a staggered flux pattern in-
volving flux-free states on some of the bottom Wz plaquettes.
5The overall phase diagram thereby reveals multiple distinct
regimes, in which a subtle interplay between the emergent
parton degrees of freedom leads to the formation of differ-
ent types of collective ground states – including gapless spin
liquids with a Majorana nodal line and columnar-ordered Z2
gauge fields.
Conclusions.– The main results of the study at hand are
two advances in the conceptual understanding of quantum
spin liquids. First, we have introduced the concept of “gauge
frustration”, which we showcased in a three-dimensional Ki-
taev model where the emergent Z2 gauge degrees of freedom
are subject to local constraints resulting in an extensive resid-
ual entropy. Second, we showed by large-scale numerical
simulations that this residual entropy can be lifted by an in-
terplay of the Z2 lattice gauge theory and the itinerant Ma-
jorana fermions, which concurrently emerge with the gauge
field upon fractionalization of the original local spin degrees
of freedom. As such, the model at hand realizes a scenario in-
termediate between more conventional Kitaev models where
the parton degrees of freedom fully decouple (allowing for an
analytical solution where one first identifies the ground state
of the gauge field and subsequently solves the Majorana prob-
lem), and the scenario of strongly interacting partons as it
is the case for, e.g., a U(1) spin liquid, in which the gauge
field remains heavily fluctuating to the lowest temperatures
and thereby strongly feeds back into the formation of a col-
lective parton state.
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1Supplemental Material
LATTICE STRUCTURE
The lattice vectors of the inversion-symmetric (8,3)c lattice are chosen as
a1 = (1, 0, 0) , a2 =
(
−1
2
,
√
3
2
, 0
)
, a3 =
(
0, 0,
2
5
)
and the reciprocal lattice vectors become
b1 = 2pi
(
1,
1√
3
, 0
)
, b2 = 2pi
(
0,
2√
3
, 0
)
, b3 = 2pi
(
0, 0,
5
2
)
.
It has eight sites per unit cell that are located at
r1 =
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)
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FIG. S1. The unit cell of the (8,3)c lattice consists of eight sites as indicated in the figure. Also indicated are the three lattice vectors.
PSEUDOSPIN CORRELATIONS
The pseudospin correlations defined in (3) can be used to identify the ground state manifolds of the different (an)isotropic
regimes of the system.
We can introduce the unitary transformation [26, 27]
P =

2√
6
− 1√
6
− 1√
6
0 1√
2
− 1√
2
1√
3
1√
3
1√
3

 WxWy
Wz
 , (S1)
mapping the triplet of 3-flux states that preserve the local divergence-free condition to be rotationally symmetric around the
Wz-axis:
2Pa =
 −
√
2
3
−√2
− 1√
3
 , Pb =
 2
√
2
3
0
− 1√
3
 , Pc =
 −
√
2
3√
2
− 1√
3
 . (S2)
It can be easily seen that ‖Wm‖ = ‖Pm‖ =
√
3 for all m ∈ {a, b, c} and
Pm ·Pn
‖Pm‖‖Pn‖ =
Wm ·Wn
‖Wm‖‖Wn‖ =
{ − 13 , m 6= n
1, m = n
(S3)
For large T , all eight possible 3-flux states are allowed, so we expect P to average to 0. For the low temperature regime of the
isotropic system (Jx = Jy = Jz), the pseudospins Pa, Pb, Pc will be equally distributed in the system, giving the expectation
value of the pseudospin correlations
Pabc =
1
9
(
1 + 1 + 1− 6 · 1
3
)
=
1
9
. (S4)
For the weak-Jz limit, only the pseudospins Pb, Pc are selected, resulting in
Pbc =
1
4
(
1 + 1− 2 · 1
3
)
=
1
3
, (S5)
while for the strong-Jz limit, all plaquette triplets select the state Pa, leading to
Pa = 1 . (S6)
Since we choose all our systems to have periodic boundary conditions in all spatial directions, each lattice with N sites has
Np = 3N/4 plaquettes and Ns = N/4 pseudospins. For a finite system, the pseudospin correlator results as
P =
1
Ns
∑
j
〈W0 ·Wj〉
‖W0‖‖Wj‖ =
4
3N
∑
j
〈W0 ·Wj〉 (S7)
FIG. S2. Pseudospin vectors. The triplet of pseudospin vectors that preserves the local-divergence free condition (red) is transformed to a set
of vectors that are rotationally symmetric around the Wz-axis (black). Depending on the (an)isotropy of the bond couplings, different subsets
are selected at low temperatures: (i) all three (isotropic point), (ii) Pb and Pc (Jz < 1/3), (iii) only Pa (Jz > 1/3).
SIGN-FREE QUANTUMMONTE CARLO SIMULATIONS
Our large-scale quantum Monte Carlo simulations are performed in the parton basis of the spin system [8], in which they are
sign-problem free [18]. Technically, a single Monte Carlo step consists of a local update of the Z2 gauge degree of freedom
on a random lattice bond, followed by an evaluation of the Majorana (free) energy required for the calculation of a Metropolis
acceptance probability. While this latter step can be accomplished using exact diagonalization (ED) techniques [18], a far more
3efficient algorithm that avoids the cubic scaling of the ED approach is to employ the Green-Function-Based Kernel Polynomial
Method (GF-KPM) [19], which was recently introduced for Kitaev systems [20]. Using this apporoach, the free energy change
of the flip of a Z2 gauge variable is calculated from a set of four Green functions which can be approximated with a limited
number of Chebyshev polynomials (typically with 128 to 256 coefficients in our case). The computational cost of each MC
update is thereby reduced to O(N) scaling – a crucial step which enables us to simulate relatively large system sizes with up to
1728 spins.
Note that for the transformation of the spin model to the Majorana basis, we follow the local approach originally pioneered by
Kitaev [8]. In this local approach all lattice bonds carry gauge field degrees of freedom and can be addressed by a single-flip MC
step, in contrast to an alternative scheme which makes use of a Jordan-Wigner transformation and where the resulting Z2 gauge
field degrees of freedom are located only on the z-bonds [18]. A crucial advantage of the local approach is that it allows us to
simulate systems with periodic boundary conditions in all directions, thereby minimizing finite-size effects. There remains one
subtlety, however: By replacing each spin with four Majorana fermions, the Kitaev ansatz artificially expands the Hilbert space
of the system, which would normally require a rigorous projection into the physical subspace. However, it is known that physical
and unphysical states for a given lattice and Z2 gauge field configuration are distinguished by their fermionic parity, reducing
the effect of states of the expanded Hilbert space to deviations of order 1/N , which can be neglected in the thermodynamic limit
[28]. In practical terms, we have checked that already for small system sizes of N = 64 sites, we cannot establish differences
between the two approaches up to our numerical efficiency.
Finally, in order to prevent our MC simulation from freezing at low temperatures, we have applied a parallel tempering scheme
[23] with one replica exchange proposed between every pair of neighboring temperature points after every MC sweep. This
enabled us to perform simulations down to temperatures of O(10−3) in terms of the magnetic coupling strength. To calculate
observables on the lower end of this limit and to interpolate between temperature points, we have used the Ferrenberg-Swendsen
reweighting method with multiple histograms [12, 13].
